The current-voltage characteristics of inhomogeneous Schottky diodes can be generated using either analytically solved equations for total current through all elementary diodes, or by numerical integration over the entire barrier height range. The simulation performed using these two methods yields current-voltage characteristics with different features. In this paper we have analysed the nature of elementary diodes representing a Gaussian distribution of barrier heights in inhomogeneous Schottky contact, and found that it is the constant series resistance considered for all elementary diodes in the distribution which makes the two methods yield current-voltage characteristics with different features. It apparently indicates that the two methods of analysing inhomogeneous Schottky contacts are inconsistent. It is shown that each elementary barrier in the distribution has a different series resistance associated with it, which has a direct correlation with its probability of occurrence in the distribution. Performing the numerical integration with varying series resistance yields current-voltage characteristics with features similar to those obtained by the analytical method. The analysis made in this paper confirms that the two methods of modelling inhomogeneous Schottky contacts yield consistent current-voltage characteristics.
Introduction
The temperature dependence of diode parameters derived from experimental data shows abnormal behaviour, which cannot be understood on the basis of existing current transport theories. The spatial variation of barrier heights in Schottky diodes is considered in order to explain the anomalous behaviour. The variation of barrier heights (BHs) is described mainly by a Gaussian distribution function and is widely accepted to explain the experimental data [1] [2] [3] [4] [5] [6] [7] [8] [9] . Ballistic electron emission microscopy studies have also supported the existence of a Gaussian distribution of barrier heights in Schottky diodes [10, 11] . Simulation performed to see the effect of such inhomogeneities in barrier heights also supports the existence of a Gaussian distribution of barrier heights, and leads to the same temperature dependence of diode parameters as observed from the experimental current-voltage (I-V ) characteristics [12, 13] . The Gaussian distribution of BHs is still being invoked to explain the temperature dependence of barrier parameters derived from the experimental current-voltage and capacitance-voltage (C-V) measurements [14] [15] [16] [17] [18] [19] [20] [21] [22] on various metal-semiconductor contact systems.
The total current across an inhomogeneous Schottky diode can be expressed as [4, 12, 13] 
I (V ) = i(V , φ)ρ(φ) dφ
with i(V , φ) the current at a bias V for a barrier of height φ based on TED theory given as [23] i(V , φ) = A d A * * T 2 exp − qφ kT exp q(V − iR s ) kT − 1 (2) and ρ(φ) being the normalized distribution function giving the probability of a barrier of BH φ defined as [1, 2, 4, 12, 13] ρ(φ) = 1
Here A d is the diode area, A * * is the effective Richardson constant, k is Boltzmann's constant, T is the diode temperature at which corresponding current is to be evaluated, andφ and σ are the mean and standard deviation of the Gaussian distribution of the BHs.
When solved analytically using equations (2) and (3), for the total current through all barriers lying symmetrically aroundφ in the range 0 to 2φ, equation (1) yields [24] 
where the error function arguments f 1 andf 2 are given as
Methodology
Simulation of the I-V characteristics of inhomogeneous Schottky diodes with Gaussian distribution of barrier heights has been performed using two different methods. The first, the numerical method, is based on calculating the total current through an inhomogeneous diode by evaluating the current i(V , φ) through each elementary barrier by the NewtonRaphson iteration method using equation (2), and performing the numerical integration given by equation (1), applying Simpson's one third rule over a barrier height range, after multiplying the current through each barrier by its probability distribution function ρ(φ), as given by equation (3) . Another method, namely the analytical method, is based on calculating the total current by the Newton-Raphson iteration method using equation (4), obtained after analytically solving the integral equation (1) . The ln(I )-V curves of inhomogeneous Schottky contacts are generated using these methods and analysed for consistency between the two.
Results and discussion
Simulation of the I-V data of inhomogeneous Schottky diodes is performed at various temperatures for the diode area, A d = 7.87 × 10 −7 m 2 , corresponding to a 1 mm diameter metal dot, effective Richardson constant A * * = 1.12 × 10 6 Am −2 K −2 (for n-type silicon),φ = 0.8 V, σ = 0.08 V and R s = 20 . In these simulations, the value of σ is assumed to be 10% of the value ofφ, which is generally observed in experimentally fabricated Schottky barrier diodes showing Gaussian distribution of BHs, in metal-semiconductor contacts [6, 14, [17] [18] [19] [20] [21] . Another reason for taking a high value of σ is that the effect of barrier inhomogeneities on device characteristics can be seen much more prominently. The ln(I )-V plots obtained by the analytical method are shown in figure 1 (solid curves). The intersecting behaviour of these plots at a very low T has already been discussed [26] . The currents are also generated by a numerical method performing numerical integration of equation (1) using Simpson's one third rule, over the same BH range 0-1.6 V (0 to 2φ) in steps of 0.005 V, and the corresponding ln(I )-V plots thus obtained are also shown in figure 1 (dashed curves) at various T. It is evident from figure 1 that the ln(I )-V plots obtained by the two methods do not coincide over the entire bias range. Also, the plots obtained by the numerical method do not intersect as those generated by the analytical method do. In contrast, the plots obtained by the numerical method shift downward without intersecting with each other over the entire bias range with decreasing T. Another difference between the two is that the ln(I )-V plots obtained by the numerical method are curved over the entire bias range, unlike the plots obtained by the analytical method, which exhibit an initial straight portion up to a bias at which current saturation due to the series resistance begins, and thereafter the current becomes almost constant. Moreover, the ln(I )-V plots at low T originate from very low current near zero bias, and converge with each other asymptotically at high forward bias. These differences in the nature of the ln(I )-V plots obtained by the two methods indicate that they yield inconsistent current voltage characteristics. The ln(I )-V plots obtained by the two methods coincide only at very low bias for high T and low σ , and the mismatch between them increases with decreasing T and increasing σ . The difference in the results obtained by the two methods appears to be due to the constant series resistance (say 20 , here) considered for all the elementary diodes in the distribution for calculating currents by the numerical method. The series resistance R S affects the current through each elementary barrier in the distribution, which when added using Simpson's one third rule after multiplying by probability distribution function ρ(φ), yields curved ln(I )-V plots. On the other hand, equation (4) considers an inhomogeneous Schottky contact as a homogeneous contact of single apparent BH at any temperature, thus yielding an ideal curve with an initial straight portion and sudden bending at certain bias due to current saturation caused by R S . The effect of series resistance in affecting the ln(I )-V plots in the numerical method can be checked by generating these plots for zero series resistance, i.e., R S = 0, for which they do not show such differences and exactly coincide over the entire bias range. This clearly indicates that the different behaviour of the ln(I )-V plots obtained by the two methods is certainly due to the series resistance.
It is observed that the current at low bias is mainly due to the low barriers in the distribution. This can be seen by generating ln(I )-V plots for a range of BHs, with different lower limits of integration to exclude low barrier height patches in the distribution. Figure 2 shows these plots obtained for various lower limits of integration along with those for the full range (0-1.6 V) of integration. It is clear from figure 2 that the current decreases more as the lower limit of integration is raised to the higher BH side, and consequently the bias, up to which the decrease in current occurs, also shifts toward the higher side. This decrease in current occurs up to a certain bias only, beyond which it attains the value that it has for the full range of integration. This effect is much more pronounced at low temperatures. These observations clearly show that the current at low bias is predominantly due to the low BHs in the distribution. Similarly, the effect of high barriers in the distribution can be seen by excluding them and restricting the higher limit in the numerical integration program. It is found that high BH diodes contribute to current at higher bias [27] .
The ln(I )-V plots obtained by the analytical method show intersecting behaviour, which is, however, not observed in the plots obtained by the numerical method. In addition to this, the Figure 3 . The simulated ln(I )-V plots generated using numerical integration over BHs with the range 0 to 1.6 V, for a series resistance of (a) 1 n and (b) 1 µ . These plots exhibit intersection only for a very low value of series resistance, say 1 n , and even 1 µ resistance is high enough to cause saturation and inhibit intersection.
two types of plot have other differences, as pointed out above. We feel that the intersection between the curves obtained by the numerical method is necessary, but it is the constant series resistance R S , assumed for all elementary barriers in the distribution, which inhibits it by bending the ln(I )-V plots downward due to the current saturation effect. Although low for a Schottky diode of apparently high BH (of about 0.6 V or higher), the series resistance, 20 , is large enough for low BH elementary diodes in the distribution to cause current saturation at low bias. Since current at low bias is due to low barriers in the distribution, it leads to the bending of the ln(I )-V plots and does not cause an intersection between them. In the same manner, this intersection is inhibited here due to the series resistance of the diode, as it is unobservable even for a homogeneous diode of constant barrier height [26] . This effect of R S can be seen by generating ln(I )-V plots at various T for a very low value of R S . Figure 3(a) shows ln(I )-V plots generated for a very low R S of 1 n , and clearly depicts that these plots generated for R S = 1 n intersect each other, and the point of intersection is temperature dependent exactly in the same way as is observed for the plots obtained by the analytical method, shown in figure 1. However, the ln(I )-V plots generated at various T for slightly higher R S with a value of 1 µ , shown in figure 3(b) , continuously bend downward without intersecting and approach each other at higher bias. This is because 1 µ series resistance is quite high to cause bending due to the saturation effect, and inhibits intersection between them at low temperatures. Thus, for very low R S these plots intersect each other, but at the same time the low resistance makes current saturation in these plots occur at very high currents. Since current at higher bias in the saturation region is predominantly due to high barriers, near the mean BH, they should have a high resistance (say, a few ohms) in order to make saturation occur at low currents, about a few mA as observed in analytical plots. Moreover, although the numerical plots shown in figure 3 intersect for 1 n , they do not exhibit an initial linear region at low bias. For these to intersect like the analytical plots with an initial linear region, and saturate at current values of the order of a mA, the resistance of elementary barriers should increase from even less than 1 n for low barriers to a few ohm for high barriers with a BH nearφ.
We have investigated the nature of elementary diodes of inhomogeneous Schottky contacts and are of the opinion that the low and high BH patches on either side of the mean, which occur over a very small area proportional to the probability of their occurrence at the metal-semiconductor contact interface, should have a proportionally low series resistance associated with them. On the other hand, the high barrier phases with a BH value very close to the mean have a large occurrence probability, are proportionally spread over a large contact area and should have a relatively high series resistance, say a few ohm. Any physical effect/phenomenon causing a different probability of occurrence for different BH patches may as well give rise to a different resistance associated with them. Thus, we assume that in the numerical method, each elementary diode should be assigned a different series resistance proportional to its probability of occurrence in the distribution. For this we assume the diode resistance dependence of the type
for generating ln(I )-V plots by the numerical method. In equation (6), 'm' is a constant scaling factor, R 0 is the series resistance considered for generating ln(I )-V plots by the analytical method with which the corresponding ln(I )-V plots generated by the numerical method has to be compared, and σ RS is the width of the Gaussian curve representing the variation of the series resistance, analogous to the standard deviation σ of the Gaussian distribution of barrier heights. It is obvious from this expression that barriers of mean BH, i.e.φ in the distribution, will attain the maximum value of resistance. Generating series resistance R S using equation (6) Figure 4 . The simulated ln(I )-V plots generated by the numerical method, equivalent to those shown as dotted curves in figure 1 using a series resistance variation of diodes, as given by equation (6) . Clearly these plots now have features similar to those of the plots obtained by the analytical approach shown in figure 1. the diodes of mean BH in the distribution attain the maximum value of resistance (here 40 ohm), which is twice the value of R 0 (here 20 ohm), the resistance considered for generating analytical plots. However, assuming an 'm' value different from 0.4 in equation (6) to make diodes of mean BH attain values of R S equal to that considered in the analytical method (i.e., 20 ohm), yields numerical plots deviating largely from the analytical one. These curves are shown in figure 4 and show that considering series resistance variation given by equation (6) for m = 0.4, yields ln(I )-V plots with features similar to those of the ln(I )-V plots obtained by the analytical method. This observation clearly implies that each elementary diode in the distribution has a series resistance proportional to the probability of its occurrence in the distribution. Figure 5 (a) shows two types of ln(I )-V plot, obtained by both methods, together for comparison. It is obvious from figure 5(a) that the two types of plot coincide closely over the entire bias range and have similar features. There is, however, slight deviation between them in the saturation region, shown in figure 5(b) as the two types of plot saturate at slightly different currents. This is because the analytical equation (4) yields a current in the saturation region resulting from a series resistance R o , of a single diode of apparent BH corresponding to the givenφ, σ and T. However, the numerical integration of equation (1) assumes different R S for different diodes in the distribution, as given by equation (6), and thus the resulting total current is slightly different from that obtained by the analytical method. Using the BH dependent series resistance for each elementary diode as given by equation (6), it is not possible to solve equation (1) analytically to get an expression for the total current through contact in implicit form. Had it been possible to take into account the resistance variation given by equation (6) all the elementary diodes, used in generating I-V data shown in figure 5 , is depicted in figure 6 , where it is found to vary from ∼10 −20 ohm for diodes of BH = 0.005 V to 40 ohm for diodes of BH = 0.80 V. The series resistance variation given by equation (6) for generating I-V data by the numerical method yields ln(I )-V plots matching exactly with those obtained by the analytical method for any meanφ, standard distribution σ , and T. Thus, there is a direct correlation between the series resistance of elementary diodes in inhomogeneous contacts and BH, through the probability of occurrence in the distribution at the metal-semiconductor contact interface. This correlation between the series resistance of the diode with its probability of occurrence in the distribution makes the two methods yield identical ln(I )-V plots with similar features.
It is, however, observed that the ln(I )-V plots of real Schottky diodes measured experimentally at low temperatures do not show such an intersection between them. This means that for experimentally measured ln(I )-V plots the situation is analogous to that of the plots obtained by the numerical method, assuming a constant series resistance for all the elementary diodes, as shown in figure 1 by the dotted line. It is possible that the experimentally fabricated Schottky diodes may have some high series resistance component, associated with external measurement circuits and common to all elementary barriers, which give rise to their saturation and does not cause intersection between them at low temperatures. On the other hand, in the refined numerical simulation method as suggested above we do not take into account any such common high series resistance, rather each elementary diode is assigned a different series resistance proportional to the occurrence probability of that diode in the distribution, and the corresponding ln(I )-V plots intersects at low T. However, assuming some high series resistance to all elementary diodes in the distribution yields ln(I )-V plots similar to those measured for experimentally fabricated Schottky diodes. It clearly implies that experimental Schottky diodes with Gaussian distribution of BHs certainly should have some common series resistance, associated with all elementary diodes in the distribution, arising due to external circuitry or contact metallization of the device for measurements. This series resistance variation of elementary diodes in inhomogeneous Schottky contacts may provide greater insight into understanding the nature of the metal-semiconductor contact interface and requires further investigations as to its origin.
Conclusions
The current-voltage characteristics of inhomogeneous Schottky diodes with Gaussian distribution of BHs are generated by two methods. The nature of elementary diodes representing the distribution of BHs is investigated and it is observed that the constant series resistance considered for all elementary diodes makes the two methods yield different I-V characteristics, apparently indicating that the two methods of analysis of inhomogeneous Schottky contacts are inconsistent. It is proposed that each elementary diode in the distribution has a different series resistance associated with it, which is in direct correlation with its probability of occurrence in the distribution. It is shown that performing the numerical integration over the barrier height range by considering the variation in series resistance yields current-voltage curves identical to those obtained by the analytical method.
